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Abstract
In this paper, we are concerned with optimal decay rates for higher order spatial deriva-
tives of classical solutions to the full compressible MHD equations in three dimensional
whole space. If the initial perturbation are small inH3-norm and bounded in Lq(q ∈
[
1, 65
)
)-
norm, we apply the Fourier splitting method by Schonbek [Arch.Rational Mech. Anal. 88
(1985)] to establish optimal decay rates for the second order spatial derivatives of solutions
and the third order spatial derivatives of magnetic field in L2-norm. These results improve
the work of Pu and Guo [Z. Angew. Math. Phys. 64 (2013) 519-538].
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1 Introduction
In this paper, we are concerned with the compressible viscous and heat-conductive magneto-
hydrodynamic (In short, MHD) equations in the Eulerian coordinates

ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u)− µ∆u− (µ+ λ)∇divu+∇P (ρ, θ) = (curlB)×B,
cν [(ρθ)t + div(ρuθ)]− κ∆θ + θ∂θP (ρ, θ)divu = 2µ|D(u)|
2 + λ(divu)2 + ν|curlB|2,
Bt − curl(u× B) = ν∆B, divB = 0,
(1.1)
where (x, t) ∈ R3×R+. Here the unknown functions ρ, u = (u1, u2, u3)
tr, θ and B = (B1, B2, B3)
tr
represent the fluid density, velocity, absolute temperature, and magnetic field respectively; D(u)
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is the deformation tensor and defined by
D(u) =
1
2
[
∇u+ (∇u)tr
]
.
The pressure function P (ρ, θ) is smooth and satisfies Pρ(1, 1) > 0 and Pθ(1, 1) > 0 in a neighbor-
hood of (1, 1). The constants µ and λ are the first and second viscosity coefficients respectively
and satisfy the physical restrictions
µ > 0, 2µ+ 3λ ≥ 0.
Positive constants cv, κ, and ν are respectively the heat capacity, the ratio of the heat conductivity
coefficient over the heat capacity, and the magnetic diffusivity acting as a magnetic diffusion
coefficient of the magnetic field. For the sake of simplicity, we assume cν , Pρ(1, 1) and Pθ(1, 1) to
be 1. To complete the system (1.1), the initial data are given by
(ρ, u, θ, B)(x, t)|t=0 = (ρ0(x), u0(x), θ0(x), B0(x)). (1.2)
Furthermore, as the spatial variable tends to infinity, we assume
lim
|x|→∞
(ρ0 − 1, u0, θ0 − 1, B0)(x) = 0. (1.3)
The compressible MHD systems are combination of the compressible Navier- Stokes equations
of fluid dynamics and Maxwell’s equations of electromagnetism. On the other hand, although
the electric field E does not apper in (1.1), it can be written in terms of the magnetic field and
the velocity as follows
E = νcurlB − u× B
by the moving conductive flow in the magnetic field. Obviously, the compressible MHD sys-
tems reduce to the full compressible Navier-Stokes equations when there is no electro-magnetic
effect(i.e. B ≡ 0).
In this paper, we are concerned with the optimal decay rates for higher order spatial deriva-
tives of solutions to the full compressible MHD equations in three-dimensional whole space. Since
the study of the asymptotic behavior of the MHD equations kept in step with the Navier-Stokes
equations, we recall some studies on the convergence rates for the compressible Navier-Stokes
equations with or without external forces. When there is no external force, the convergence
rates of solutions for the compressible Navier-Stokes equations to the steady state have been
investigated extensively. First, Matsumura and Nishida [1] established global existence of small
solutions in H3-norm and proved that the first order spatial derivatives of solutions in H1-norm
converges to zero as the time goes to infinity in three-dimensional whole space. At the same
time, Matsumura and Nishida [2] obtained the following convergence rate for all t ≥ 0,
‖(ρ− 1, u, θ − 1)(t)‖H2 . (1 + t)
− 3
4 ,
if the small initial disturbance belongs to H3(R3) ∩ L1(R3). For the small initial perturbation
belongs to H3 only, Matsumura [3] took weighted energy method to show the time decay rates
‖∇k(ρ− 1, u, θ − 1)(t)‖L2 . (1 + t)
− k
2
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for k = 1, 2, and
‖(ρ− 1, u, θ − 1)(t)‖L∞ . (1 + t)
− 3
4 .
For the same system, Ponce [4] gave the optimal Lp convergence rate
‖∇l(ρ− 1, u, θ − 1)(t)‖Lp . (1 + t)
−n
2 (1−
1
p)−
l
2
for 2 ≤ p ≤ ∞ and l = 0, 1, 2, if the small initial disturbance belongs to Hs(Rn)∩W s,1(Rn) with
the integer s ≥ [n/2]+3 and the space dimension n = 2 or 3. In order to establish optimal decay
rates for higher order spatial derivatives of solutions, Guo and Wang [5] developed a general
energy method to build the time convergence rates as follows
‖∇l(ρ− 1, u)(t)‖2HN−l . (1 + t)
−(l+s)
for 0 ≤ l ≤ N − 1 by assuming the initial perturbation are bounded in H˙−s(s ∈ [0, 3
2
))-norm
instead of L1-norm. On the other hand, the study of large-time behavior in Lp(1 ≤ p ≤ ∞)
spaces and pointwise estimates were developed in [6–8]. For example, Hoff and Zumbrun [6]
studied the isentropic viscous fluid in Rn(n ≥ 2) and obtained
‖(ρ− 1, ρu)(t)‖Lp .

 t
−n
2 (1−
1
p), 2 ≤ p ≤ ∞,
t−
n
2 (1−
1
p)+
n−1
4 (
p
2
−1)Ln(t), 1 ≤ p < 2,
for all large t > 0, if the small initial disturbance belongs to Hs(Rn) ∩ L1(Rn) with the integer
s ≥ [n/2] + 3, where Ln(t) equals log(1 + t) if n = 2 and 1 otherwise. This result was later
generalized by Kobayashi and Shibata [9] and Kagei and Kobayashi [10, 11] to the viscous and
heat-conductive fluid and also to the half space problem but without the smallness of L1-norm
of the initial disturbance. When there is an external potential force F = −∇Φ(x), there are
also some results on the convergence rate for solutions to the compressible viscous Navier-Stokes
equations. For this case, when the initial perturbation is not assumed in L1, the analysis only on
the Sobolev space Hs(R3) yields a slower (than optimal) decay [12, 13]. If the initial perturbation
belongs to L1 additionally, Duan et al. [14, 15] established optimal decay rates for the solutions
and its first order spatial derivatives as follows
‖∇k(ρ− 1, u, θ − 1)(t)‖H3−k . (1 + t)
− 3+2k
4 ,
where k = 0, 1.
Motivated by the study of optimal decay rates for Navier-Stokes equations, the investigation
of time convergence rates of solutions to the MHD equations has aroused many researchers’
interests. First of all, under the H3-framework, Li and Yu [16] and Chen and Tan [17] not only
established the global existence of classical solutions, but also obtained the time decay rates for
the three-dimensional compressible MHD equations by assuming the initial data belong to L1
and Lq(q ∈
[
1, 6
5
)
) respectively. More precisely, Chen and Tan [17] built the time decay rates
‖∇k(ρ− 1, u, B)(t)‖H3−k . (1 + t)
− 3
2(
1
q
− 1
2)−
k
2 , (1.4)
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where k = 0, 1. These decay rates (1.4) have also been established by Li and Yu [16] for the case
q = 1. Motivated by the work of Guo and Wang [5], Tan and Wang [18] established the optimal
time decay rates for the higher order spatial derivatives of solutions if the initial perturbation
belongs to HN ∩ H˙−s
(
N ≥ 3, s ∈
[
0, 3
2
))
. More precisely, they built the following time decay
rates
‖∇k(ρ− 1, u, B)(t)‖HN−k . (1 + t)
− k+s
2 ,
where k = 0, 1, ..., N − 1. Following the spirit of work [19], we (see [20]) establish the following
time decay rates for all t ≥ T ∗(T ∗ is a positive constant)
‖∇2(ρ− 1)(t)‖H1 + ‖∇
2u(t)‖H1 . (1 + t)
− 7
4 ,
‖∇mB(t)‖H3−m . (1 + t)
− 3+2m
4 ,
(1.5)
where m = 2, 3. It is easy to see that the time decay rates (1.5) is better than decay rates (1.4)
since (1.5) provides faster time decay rates for the higher order spatial derivatives of solutions.
For the full compressible MHD equations (1.1), Pu and Guo [21] established time decay rates for
the classical solutions in three-dimensional whole space as follows
‖∇k(ρ− 1, u, θ − 1, B)(t)‖H3−k . (1 + t)
− 3
2(
1
q
− 1
2)−
k
2 , (1.6)
where k = 0, 1, if the initial perturbation are small in H3-norm and bounded in Lq
(
q ∈
[
1, 6
5
))
-
norm.
In this paper, we are concerned with optimal decay rates for the higher order spatial deriva-
tives of classical solutions in L2-norm to the full compressible MHD equations in three dimensional
whole space. For the classical incompressible Navier-Stokes equations, Schonbek and Wiegner
[22, 23] applied the inductive argument and Fourier splitting method (see [24]) to establish
optimal decay rates for higher order derivatives norm after having the optimal decay rates of
solutions and its first order spatial derivatives at hand. Motivated by [22, 23], we move the non-
linear terms to the right hand side of (1.1)4 and deal with the nonlinear terms as external force
with the property on fast time decay rates. Then, the application of Fourier splitting method
helps us to establish optimal time decay rates for the higher order spatial derivatives of mag-
netic field in L2-norm. Since the equation (1.1) is hyperbolic-parabolic type, then the optimal
decay rate for the second order spatial derivatives of solutions are somewhat complicated. More
precisely, denoting ̺ = ρ − 1 and σ = θ − 1, the (1.1) transforms into the system (2.1). Then,
for the homogeneous system (2.1)(i.e. S1 = S2 = S3 = S4 = 0), it is easy to establish following
energy inequality
d
dt
‖∇k(̺, u, σ)‖2L2 + C‖∇
k+1(u, σ)‖2L2 ≤ 0, (1.7)
where k = 2, 3. In order to apply the Fourier splitting method to build optimal decay rate for
the second order derivatives norm of solution, we need to rediscover the dissipative estimates for
̺. Then, it is easy to verify the following differential inequality
d
dt
∫
∇2u · ∇3̺dx+ C‖∇3̺‖2L2 ≤ ‖∇
3u‖2H1 + ‖∇
3σ‖2L2. (1.8)
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The combination of (1.7) and (1.8) yields directly
d
dt
E32 (t) + C(‖∇
3̺‖2L2 + ‖∇
3(u, σ)‖2H1) ≤ 0, (1.9)
where E32 (t) is equivalent to ‖∇
2(̺, u, σ)‖2H1. Following the spirit of the Fourier splitting method,
we need to transform the inequality (1.9) as the form
d
dt
E32 (t) +
C
2
(2‖∇3̺‖2L2 + ‖∇
3(u, σ)‖2H1) ≤ 0.
Then, it is easy to establish optimal decay rates for the second order spatial derivatives of
solutions in L2-norm(see Lemma 2.6 for detail). Finally, one also establishes time convergence
rates for the mixed space-time derivatives of solutions.
Notation: In this paper, we use Hs(R3)(s ∈ R) to denote the usual Sobolev spaces with
norm ‖ · ‖Hs and L
p(R3)(1 ≤ p ≤ ∞) to denote the usual Lp spaces with norm ‖ · ‖Lp. We define
∇kv = {∂αx vi| |α| = k, i = 1, 2, 3} , v = (v1, v2, v3).
One also denotes the Fourier transform by F (f) := fˆ . The notation a . b means that a ≤ Cb
for a universal constant C > 0 independent of time t. The notation a ≈ b means a . b and
b . a. For the sake of simplicity, we write
∫
fdx :=
∫
R3
fdx.
The main results on optimal decay rates for higher order spatial derivatives of solutions to
the full compressible MHD equations (1.1)-(1.3) can be stated as follows.
Theorem 1.1. Assume that the initial data (ρ0 − 1, u0, θ0 − 1, B0) ∈ H
3 ∩ Lq(q ∈
[
1, 6
5
)
) and
there exists a small constant δ0 > 0 such that
‖(ρ0 − 1, u0, θ0 − 1, B0)‖H3 ≤ δ0, (1.10)
then the global classical solution (ρ, u, θ, B) of Cauchy problem (1.1)-(1.3) has the following decay
rates for all t ≥ T ∗(T ∗ is a positive constant),
‖∇2(ρ− 1, u, θ − 1)(t)‖H1 ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−1,
‖∇kB(t)‖L2 ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
k
2 ,
(1.11)
where k = 2, 3.
Remark 1.1. Obviously, (1.11) provides faster time decay rates for the higher order spatial
derivatives of classical solutions than (1.6). Hence, the results in Theorem 1.1 improve the work
of Pu and Guo [21].
Remark 1.2. By virtue of the Sobolev inequality and the results in Theorem 1.1, the global
solution (ρ, u, θ, B) of problem (1.1)-(1.3) has the time decay rates
‖(ρ− 1, u, θ − 1)(t)‖Lp ≤ C(1 + t)
− 3
2(
1
q
− 1
p),
‖∇kB(t)‖Lp ≤ C(1 + t)
− 3
2(
1
q
− 1
p)−
k
2 ,
where 2 ≤ p ≤ ∞, and k = 0, 1.
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Remark 1.3. Although we only established the time decay rates under the H3-framework in
Theorem 1.1, the method here can be applied to the HN(N ≥ 3)-framework just following the
idea as Gao et al. [19]. Hence, if (ρ0 − 1, u0, θ0 − 1, B0) ∈ H
N ∩ Lq(N ≥ 3, q ∈
[
1, 6
5
)
) and there
exists a small constant ε0 > 0 such that
‖(ρ0 − 1, u0, θ0 − 1, B0)‖HN ≤ ε0,
then the global classical solutions have the time decay rates
‖∇k(ρ− 1, u, θ − 1)(t)‖HN−k ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
k
2 ,
‖∇mB(t)‖HN−m ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
m
2 ,
where k = 0, 1, ..., N − 1, and m = 0, 1, 2, ..., N.
Finally, we establish decay rates for the mixed space-time derivatives of solutions to the
Cauchy problem (1.1)-(1.3).
Theorem 1.2. Under all the assumptions in Theorem 1.1, then the global classical solution
(ρ, u, θ, B) of Cauchy problem (1.1)-(1.3) has the time decay rates
‖∇kρt(t)‖H2−k + ‖∇
kut(t)‖L2 + ‖∇
kθt(t)‖L2 ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
k+1
2 ,
‖∇kBt(t)‖L2 ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
k+2
2 ,
(1.12)
where k = 0, 1.
Remark 1.4. By virtue of the Sobolev inequality and the results in Theorem 1.2, the global
solution (ρ, u, θ, B) of problem (1.1)-(1.3) has the time decay rates
‖(ρt, ut, θt)(t)‖Lp ≤ C(1 + t)
− 3
2(
1
q
− 1
p)−
1
2 ,
‖Bt(t)‖Lp ≤ C(1 + t)
− 3
2(
1
q
− 1
p)−1,
where 2 ≤ p ≤ 6.
The rest of this paper is organized as follows. In section 2, we establish the optimal time
decay rates for the higher order spatial derivatives of global classical solutions. In section 3, one
hopes to build the time convergence rates for the mixed space-time derivatives of solutions.
2 Proof of Theorem 1.1
In this section, we will establish the optimal time decay rates for the higher order spatial
derivatives of solutions. By computing directly, it is easy to deduce
(curlB)× B = (B · ∇)B −
1
2
∇(|B|2),
and
curl(u×B) = u(divB)− (u · ∇)B + (B · ∇)u− B(divu).
6
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Denoting ̺ = ρ− 1 and σ = θ− 1, the original full MHD equations (1.1) can be rewritten in the
perturbation form as follows

̺t + divu = S1,
ut − µ∆u− (µ+ λ)∇divu+∇̺+∇σ = S2,
σt − κ∆σ + divu = S3,
Bt − ν∆B = S4, divB = 0.
(2.1)
Here Si(i = 1, 2, 3, 4) are defined as

S1 =− ̺divu− u · ∇̺,
S2 =− u · ∇u− h(̺)[µ∆u+ (µ+ λ)∇divu]− E(̺, σ)∇̺− F (̺, σ)∇σ
+ g(̺)
[
B · ∇B −
1
2
∇(|B|2)
]
,
S3 =− u · ∇σ − h(̺)(κ∆σ)−G(̺, σ)divu+ g(̺)
[
2µ|D(u)|2 + λ(divu)2
]
,
+ g(̺)(ν|curlB|2),
S4 =− u · ∇B +B · ∇u−Bdivu,
(2.2)
where the functions of ̺ and σ are defined as
h(̺) =
̺
̺+ 1
, g(̺) =
1
̺+ 1
, G(̺, σ) =
(σ + 1)Pσ(̺+ 1, σ + 1)
̺+ 1
− 1,
E(̺, σ) =
P̺(̺+ 1, σ + 1)
̺+ 1
− 1, F (̺, σ) =
Pσ(̺+ 1, σ + 1)
̺+ 1
− 1.
(2.3)
To complete the system (2.1), the initial data are given by
(̺, u, σ, B)(x, t)|t=0 = (̺0, u0, σ0, B0)(x)→ (0, 0, 0, 0) as |x| → ∞. (2.4)
First of all, Pu and Guo(see [21] on Page 521 ) have established the following estimates
‖(̺, u, σ, B)‖H3 ≤ C‖(̺0, u0, σ0, B0)‖H3 , (2.5)
which, together with the smallness of δ0(see (1.10)) and Sobolev inequality, yields directly
1
2
≤ ̺+ 1 ≤
3
2
.
Hence, we immediately have
|g(̺)| ≤ C, |h(̺)| ≤ C|̺| and |G(̺, σ)|, |E(̺, σ)|, |F (̺, σ)| ≤ C(|̺|+ |σ|), (2.6)
which will be used frequently to derive the temporal decay rates. Furthermore, it is also easy to
deduce
|∇E(̺, σ)| = |E̺(̺, σ)∇̺+ Eσ(̺, σ)∇σ| . |∇̺|+ |∇σ|,
|∇2E(̺, σ)| = |∇(E̺(̺, σ)∇̺+ Eσ(̺, σ)∇σ)|
= |(E̺̺(̺, σ)∇̺+ E̺σ(̺, σ)∇σ)∇̺+ E̺(̺, σ)∇
2̺
+ (Eσ̺(̺, σ)∇̺+ Eσσ(̺, σ)∇σ)∇σ + Eσ(̺, σ)∇
2σ|
. |∇̺|2 + |∇σ|2 + |∇2̺|+ |∇2σ|.
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In the same manner, we also obtain
|∇h(̺)|, |∇g(̺)| . |∇̺|,
|∇2h(̺)|, |∇2g(̺)| . |∇̺|2 + |∇2̺|,
|∇E(̺, σ)|, |∇F (̺, σ)|, |∇G(̺, σ)| . |∇̺|+ |∇σ|,
|∇2E(̺, σ)|, |∇2F (̺, σ)|, |∇2G(̺, σ)| . |∇̺|2 + |∇σ|2 + |∇2̺|+ |∇2σ|.
(2.7)
We state the classical Sobolev interpolation of the Gagliardo-Nirenberg inequality, refer to
[25].
Lemma 2.1. Let 0 ≤ m,α ≤ l and the function f ∈ C∞0 (R
3), then we have
‖∇αf‖Lp . ‖∇
mf‖1−θL2 ‖∇
lf‖θL2, (2.8)
where 0 ≤ θ ≤ 1 and α satisfy
1
p
−
α
3
=
(
1
2
−
m
3
)
(1− θ) +
(
1
2
−
l
3
)
θ.
First of all, we establish the optimal time decay rates for the second order spatial derivatives
of magnetic field.
Lemma 2.2. Under the assumptions of Theorem 1.1, the magnetic field has the time decay rates
for all t ≥ 0,
‖∇2B(t)‖2H1 ≤ C(1 + t)
−3( 1q−
1
2)−2. (2.9)
Proof. Taking second order spatial derivatives to (2.1)4, multiplying the resultant identity by
∇kB and integrating over R3, then we have
1
2
d
dt
∫
|∇2B|2dx+ ν
∫
|∇3B|2dx
= −
∫
∇2(u · ∇B)∇2Bdx+
∫
∇2(B · ∇u)∇2Bdx
−
∫
∇2(Bdivu)∇2Bdx
= I1 + I2 + I3.
(2.10)
The application of decay rate (1.6), Holder, Sobolev and Cauchy inequalities yields immediately
I1 =
∫
(∇u∇B + u∇2B)∇3Bdx
. (‖∇u‖L3‖∇B‖L6 + ‖u‖L6‖∇
2B‖L3)‖∇
3B‖L2
. ‖∇u‖2L3‖∇
2B‖2L2 + ‖∇u‖
2
L2‖∇
2B‖2H1 + ε‖∇
3B‖2L2
. ‖∇u‖2H1‖∇
2B‖2H1 + ε‖∇
3B‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + ε‖∇3B‖2L2
. (1 + t)−
6−q
q + ε‖∇3B‖2L2 .
(2.11)
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In the same manner, it is easy to deduce
I2 = −
∫
(∇B∇u+B∇2u)∇3Bdx
. (‖∇u‖L3‖∇B‖L6 + ‖B‖L6‖∇
2u‖L3)‖∇
3B‖L2
. ‖∇u‖2H1‖∇
2B‖2L2 + ‖∇B‖
2
L2‖∇
2u‖2H1 + ε‖∇
3B‖2L2
. ‖∇u‖2H2‖∇B‖
2
H1 + ε‖∇
3B‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + ε‖∇3B‖2L2
. (1 + t)−
6−q
q + ε‖∇3B‖2L2,
(2.12)
and
I3 . ‖∇u‖
2
H2‖∇B‖
2
H1 + ε‖∇
3B‖2L2
. (1 + t)−
6−q
q + ε‖∇3B‖2L2 .
(2.13)
Substituting (2.11)-(2.13) into (2.10) and choosing ε small enough, we get
d
dt
∫
|∇2B|2dx+ ν
∫
|∇3B|2dx . (1 + t)−
6−q
q . (2.14)
Taking third order spatial derivatives to (2.1)4, multiplying the resulting identity by ∇
3B and
integrating over R3, then we have
1
2
d
dt
∫
|∇3B|2dx+ ν
∫
|∇4B|2dx
= −
∫
∇3(u · ∇B)∇3Bdx+
∫
∇3(B · ∇u)∇3Bdx
−
∫
∇3(Bdivu)∇3Bdx
= II1 + II2 + II3.
(2.15)
By virtue of (2.5), Holder, Sobolev and Cauchy inequalities, it arrives at
II1 =
∫
(∇2u∇B + 2∇u∇2B + u∇3B)∇4Bdx
. (‖∇2u‖L3‖∇B‖L6 + ‖∇u‖L3‖∇
2B‖L6 + ‖u‖L3‖∇
3B‖L6)‖∇
4B‖L2
. ‖∇2u‖2H1‖∇
2B‖2L2 + ‖∇u‖
2
H1‖∇
3B‖2L2 + (ε+ δ)‖∇
4B‖2L2.
(2.16)
Similarly, it is easy to deduce
II2 = −
∫
(∇2B∇u+ 2∇B∇2u+B∇3u)∇4Bdx
. (‖∇2B‖L6‖∇u‖L3 + ‖∇B‖L6‖∇
2u‖L3 + ‖B‖L∞‖∇
3u‖L2)‖∇
4B‖L2
. (‖∇3B‖L2‖∇u‖L3 + ‖∇
2B‖L2‖∇
2u‖L3 + ‖∇B‖H1‖∇
3u‖L2)‖∇
4B‖L2
. ‖∇2B‖2H1‖∇u‖
2
H2 + ‖∇B‖
2
H1‖∇
3u‖2L2 + ε‖∇
4B‖2L2 ,
(2.17)
and
II3 . ‖∇
2B‖2H1‖∇u‖
2
H2 + ‖∇B‖
2
H1‖∇
3u‖2L2 + ε‖∇
4B‖2L2 . (2.18)
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Substituting (2.16)-(2.18) into (2.15), then we obtain
d
dt
∫
|∇3B|2dx+ ν
∫
|∇4B|2dx . ‖∇2B‖2H1‖∇u‖
2
H2 + ‖∇B‖
2
H1‖∇
3u‖2L2, (2.19)
which, together with the decay rates (1.6), yields directly
d
dt
∫
|∇3B|2dx+ ν
∫
|∇4B|2dx . (1 + t)−
6−q
q . (2.20)
Adding (2.15) to (2.20), it arrives at
d
dt
∫
(|∇2B|2 + |∇3B|2)dx+ ν
∫
(|∇3B|2 + |∇4B|2)dx . (1 + t)−(
6
q
−1). (2.21)
For some constant R defined below, denoting the time sphere S0 (see Schonbek [24]) by
S0 :=
{
ξ ∈ R3
∣∣ |ξ| ≤ ( R
1 + t
) 1
2
}
,
then we have ∫
R3
|∇3B|2dx ≥
∫
R3/S0
|ξ|6|Bˆ|2dξ
≥
R
1 + t
∫
R3
|ξ|4|Bˆ|2dξ −
(
R
1 + t
)2 ∫
S0
|ξ|2|Bˆ|2dξ
≥
R
1 + t
∫
R3
|∇2B|2dx−
(
R
1 + t
)2 ∫
R3
|∇B|2dx,
or equivalently
∫
|∇3B|2dx ≥
R
1 + t
∫
|∇2B|2dx−
(
R
1 + t
)2 ∫
|∇B|2dx. (2.22)
Similarly, it is easy to deduce
∫
|∇4B|2dx ≥
R
1 + t
∫
|∇3B|2dx−
(
R
1 + t
)2 ∫
|∇2B|2dx. (2.23)
Substituting (2.22) and (2.23) into (2.21) and applying the time decay rates (1.6), we have
d
dt
∫
(|∇2B|2 + |∇3B|2)dx+
Rν
1 + t
∫
(|∇2B|2 + |∇3B|2)dx
.
R2ν
(1 + t)2
∫
(|∇B|2 + |∇2B|2)dx+ (1 + t)−(
6
q
−1)
. (1 + t)−2(1 + t)−
3
q
+ 1
2 + (1 + t)−(
6
q
−1)
. (1 + t)−(
3
q
+ 3
2) + (1 + t)−(
6
q
−1).
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By virtue of q ∈
[
1, 6
5
)
, then it is easy to see that
(
6
q
− 1
)
−
(
3
q
+
3
2
)
=
5
(
6
5
− q
)
2q
≥ 0. (2.24)
Thus, we have the following estimates
d
dt
∫
(|∇2B|2 + |∇3B|2)dx+
Rν
1 + t
∫
(|∇2B|2 + |∇3B|2)dx . (1 + t)−(
3
q
+ 3
2). (2.25)
If choosing
R =
3 + q
qν
(2.26)
in (2.25), then we get
d
dt
∫
(|∇2B|2 + |∇3B|2)dx+
3 + q
q(1 + t)
∫
(|∇2B|2 + |∇3B|2)dx . (1 + t)−(
3
q
+ 3
2). (2.27)
Multiplying (2.27) by (1 + t)
3+q
q , it arrives at
d
dt
[
(1 + t)
3+q
q ‖∇2B‖2H1
]
≤ C(1 + t)−
1
2 ,
which, integrating over [0, t], gives
‖∇2B(t)‖2H1 ≤ (1 + t)
−( 3q+1)
[
‖∇2B0‖
2
H1 + C(1 + t)
1
2
]
,
or equivalently
‖∇2B(t)‖2H1 ≤ C(1 + t)
−( 3q+
1
2).
Therefore, we complete the proof of the lemma.
Next, we establish the following differential inequality for the second order spatial derivatives
of solutions.
Lemma 2.3. Under all the assumptions in Theorem 1.1, then we have
d
dt
‖∇2(̺, u, σ)‖2L2 + (µ‖∇
3u‖2L2 + κ‖∇
3σ‖2L2) . ε‖∇
3̺‖2L2 + (1 + t)
− 6−q
q . (2.28)
Proof. Taking k−th(k = 2, 3) spatial derivatives on both hand sides of (2.1)1,(2.2)2 and (2.2)3,
multiplying the resultant identity by ∇k̺, ∇ku and ∇kσ respectively and integrating over R3,
then we have
1
2
d
dt
∫
(|∇k̺|2 + |∇ku|2 + |∇kσ|2)dx+
∫
(µ|∇k+1u|2 + (µ+ λ)|∇kdivu|2 + κ|∇k+1σ|2)dx
=
∫
∇kS1 · ∇
k̺dx+
∫
∇kS2 · ∇
kudx+
∫
∇kS3 · ∇
kσdx.
(2.29)
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Taking k = 2 in (2.29), it arrives at
1
2
d
dt
∫
(|∇2̺|2 + |∇2u|2 + |∇2σ|2)dx+
∫
(µ|∇3u|2 + (µ+ λ)|∇2divu|2 + κ|∇3σ|2)dx
=
∫
∇2(−̺divu− u · ∇̺)∇2̺dx+
∫
∇2(−u · ∇u− h(̺)[µ∆u+ (µ+ λ)∇divu])∇2udx
+
∫
∇2(−E(̺, σ)∇̺− F (̺, σ)∇σ + g(̺)[B · ∇B −
1
2
∇(|B|2)])∇2udx
+
∫
∇2(−u · ∇σ − h(̺)(κ∆σ)−G(̺, σ)divu+ g(̺)
[
2µ|D(u)|2 + λ(divu)2
]
)∇2σdx
+
∫
∇2(g(̺)(ν|curlB|2))∇2σdx.
(2.30)
Integrating by part and applying (1.6), Holder, Sobolev and Cauchy inequalities, we obtain∫
∇2(−̺divu− u · ∇̺)∇2̺dx
= −
∫
(̺∇2u+ 2∇̺∇u+ u∇2̺)∇3̺dx
. (‖̺‖L6‖∇
2u‖L3 + ‖∇̺‖L6‖∇u‖L3 + ‖u‖L6‖∇
2̺‖L3)‖∇
3̺‖L2
. ‖∇̺‖2L2‖∇
2u‖2H1 + ‖∇
2̺‖2L2‖∇u‖
2
H1 + ‖∇u‖
2
L2‖∇
2̺‖2H1 + ε‖∇
3̺‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + ε‖∇3̺‖2L2
. (1 + t)−
6−q
q + ε‖∇3̺‖2L2 .
(2.31)
Following the idea as (2.31), it is easy to deduce∫
∇2(−u · ∇u)∇2udx . ‖∇u‖2H1‖∇
2u‖2H1 + ε‖∇
3u‖2L2 . (1 + t)
− 6−q
q + ε‖∇3u‖2L2. (2.32)
Integrating by part and applying (2.5)-(2.7), Holder and Sobolev inequalities, it arrives at∫
∇2(−h(̺)[µ∆u + (µ+ λ)∇divu])∇2udx
.
(
‖∇h(̺)‖L3‖∇
2u‖L6 + ‖h(̺)‖L∞‖∇
3u‖L2
)
‖∇3u‖L2
. δ0‖∇
3u‖2L2.
(2.33)
It follows from the integration by part, (1.6), (2.6), (2.7), Holder and Sobolev inequalities that∫
∇2[−E(̺, σ)∇̺]∇2udx
. ‖∇E(̺, σ)‖L3‖∇̺‖L6‖∇
3u‖L2 + ‖E(̺, σ)‖L∞‖∇
2̺‖L2‖∇
3u‖L2
. ‖∇(̺, σ)‖2L3‖∇
2̺‖2L2 + ‖(̺, σ)‖
2
L∞‖∇
2̺‖2L2 + ε‖∇
3u‖2L2
. ‖∇(̺, σ)‖2L3‖∇
2̺‖2L2 + ‖∇(̺, σ)‖
2
H1‖∇
2̺‖2L2 + ε‖∇
3u‖2L2
. ‖∇(̺, σ)‖2H1‖∇
2̺‖2L2 + ε‖∇
3u‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + ε‖∇3u‖2L2
. (1 + t)−
6−q
q + ε‖∇3u‖2L2.
(2.34)
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Similarly, it is easy to deduce∫
∇2[−F (̺, σ)∇σ]∇2udx . ‖∇(̺, σ)‖2H1‖∇
2σ‖2L2+ε‖∇
3u‖2L2 . (1+t)
− 6−q
q +ε‖∇3u‖2L2. (2.35)
By integration by part, (1.6), (2.6), (2.7), Holder, Sobolev and Cauchy inequalities, we get∫
∇2(g(̺)(B · ∇B))∇2udx
. (‖∇g(̺)‖L6‖B‖L6‖∇B‖L6 + ‖g(̺)‖L∞‖∇B‖L3‖∇B‖L6)‖∇
3u‖L2
+ ‖g(̺)‖L∞‖B‖L6‖∇
2B‖L3‖∇
3u‖L2
. ‖∇2̺‖2L2‖∇B‖
2
L2‖∇
2B‖2L2 + ‖∇B‖
2
L3‖∇
2B‖2L2
+ ‖∇B‖2L2‖∇
2B‖2L3 + ε‖∇
3u‖2L2
. ‖∇B‖2H1‖∇
2B‖2H1 + ε‖∇
3u‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + ε‖∇3u‖2L2
. (1 + t)−
6−q
q + ε‖∇3u‖2L2.
(2.36)
In the same manner, we obtain
1
2
∫
∇2(−g(̺)∇(|∇B|2))∇2udx . (1 + t)−
6−q
q + ε‖∇3u‖2L2. (2.37)
Following the idea as (2.32) and (2.33) respectively, it is easy to deduce∫
∇2(−u · ∇σ)∇2σdx . ‖∇u‖2H1‖∇
2σ‖2H1 + ε‖∇
3σ‖2L2 . (1 + t)
− 6−q
q + ε‖∇3σ‖2L2, (2.38)
and
κ
∫
∇2(−h(̺)∇2σ)∇2σdx . δ0‖∇
3σ‖2L2. (2.39)
The application of integration by part, (1.6), (2.6), (2.7), Holder, Sobolev and Cauchy inequalities
yields ∫
∇(G(̺, σ)divu)∇3σ dx
. (‖∇G(̺, σ)‖L3‖∇u‖L6 + ‖G(̺, σ)‖L∞‖∇
2u‖L2)‖∇
3σ‖L2
. ‖∇(̺, σ)‖2L3‖∇
2u‖2L2 + ‖∇(̺, σ)‖
2
H1‖∇
2u‖2L2 + ε‖∇
3σ‖2L2
. ‖∇(̺, σ)‖2H1‖∇
2u‖2L2 + ε‖∇
3σ‖2L2
. (1 + t)−
6−q
q + ε‖∇3σ‖2L2 .
(2.40)
Integrating by part and applying (1.6), (2.6), (2.7), Holder and Sobolev inequalities, we get∫
∇2(g(̺)
[
2µ|D(u)|2 + λ(divu)2
]
)∇2σdx
≈
∫
∇(g(̺)|∇u|2)∇3σdx
. (‖∇g(̺)‖L6‖∇u‖
2
L6 + ‖g(̺)‖L∞‖∇u‖L3‖∇
2u‖L6)‖∇
3σ‖L2
. ‖∇2̺‖2L2‖∇
2u‖2L2 + ‖∇u‖
2
H1‖∇
3u‖2L2 + ε‖∇
3σ‖2L2
. ‖∇(̺, u)‖2H1‖∇
2u‖2H1 + ε‖∇
3σ‖2L2
. (1 + t)−
6−q
q + ε‖∇3σ‖2L2.
(2.41)
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In the same manner, it is easy to deduce∫
∇2(g(̺)(ν|curlB|2))∇2σdx . (1 + t)−
6−q
q + ε‖∇3σ‖2L2 . (2.42)
Substituting (2.31)-(2.42) into (2.30) and applying the smallness of δ0 and ε, it is easy to deduce
d
dt
∫
(|∇2̺|2 + |∇2u|2 + |∇2σ|2)dx+
∫
(µ|∇3u|2 + κ|∇3σ|2)dx . (1 + t)−
6−q
q + ε‖∇3̺‖2L2 .
Therefore, we complete the proof of the lemma.
Furthermore, we establish the following differential inequality for the third order spatial
derivatives of solutions.
Lemma 2.4. Under all the assumptions in Theorem 1.1, then we have
d
dt
‖∇3(̺, u, σ)‖2L2 + (µ‖∇
4u‖2L2 + κ‖∇
4σ‖2L2) . (1 + t)
− 6−q
q + ε‖∇3̺‖2L2 . (2.43)
Proof. Taking k = 3 in (2.29), it is easy to see that
1
2
d
dt
∫
(|∇3̺|2 + |∇3u|2 + |∇3σ|2)dx+
∫
(µ|∇4u|2 + (µ+ λ)|∇3divu|2 + ν|∇4σ|2)dx
=
∫
∇3(−̺divu− u · ∇̺)∇3̺dx+
∫
∇3(−u · ∇u− h(̺)[µ∆u+ (µ+ λ)∇divu])∇3udx
+
∫
∇3(−E(̺, σ)∇̺− F (̺, σ)∇σ + g(̺)[B · ∇B −
1
2
∇(|B|2)])∇3udx
+
∫
∇3(−u · ∇σ − h(̺)(κ∆σ)−G(̺, σ)divu+ g(̺)
[
2µ|D(u)|2 + λ(divu)2
]
)∇3σdx
+
∫
∇3(g(̺)(ν|curlB|2))∇3σdx.
(2.44)
By virtue of decay rates (1.6), (2.5), Holder, Sobolev and Cauchy inequalities, we obtain∫
∇3(−̺divu)∇3̺dx
. ‖̺‖L∞‖∇
4u‖L2‖∇
3̺‖L2 + ‖∇̺‖L3‖∇
3u‖L6‖∇
3̺‖L2
+ ‖∇2̺‖L3‖∇
2u‖L6‖∇
3̺‖L2 + ‖∇u‖L∞‖∇
3̺‖2L2
. ‖∇2̺‖2H1‖∇
3u‖2L2 + (ε+ δ0)(‖∇
3̺‖2L2 + ‖∇
4u‖2L2)
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + (ε+ δ0)(‖∇
3̺‖2L2 + ‖∇
4u‖2L2)
. (1 + t)−
6−q
q + (ε+ δ0)(‖∇
3̺‖2L2 + ‖∇
4u‖2L2).
(2.45)
Similarly, it is easy to deduce∫
∇3(−u · ∇̺)∇3̺dx . (1 + t)−
6−q
q + (ε+ δ0)‖∇
3̺‖2L2 . (2.46)
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With the help of decay rates (1.6), (2.5), Holder, Sobolev and Cauchy inequalities, we get
∫
∇3(−u · ∇u)∇3u dx
. (‖∇u‖L3‖∇
2u‖L6 + ‖u‖L3‖∇
3u‖L6)‖∇
4u‖L2
. ‖∇u‖2H1‖∇
3u‖2L2 + (ε+ δ0)‖∇
4u‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + (ε+ δ0)‖∇
4u‖2L2
. (1 + t)−
6−q
q + (ε+ δ0)‖∇
4u‖2L2.
(2.47)
By virtue of the integration by part and applying decay rates (1.6), (2.5)-(2.7), Holder and
Sobolev inequalities, we deduce
∫
∇3(−h(̺)[µ∆u+ (µ+ λ)∇divu])∇3udx
≈
∫
∇2(h(̺)∇2u)∇4u dx
. (‖∇̺‖2L6‖∇
2u‖L6 + ‖∇
2̺‖L3‖∇
2u‖L6)‖∇
4u‖L2
+ (‖∇̺‖L3‖∇
3u‖L6 + ‖h(̺)‖L∞‖∇
4u‖L2)‖∇
4u‖L2
. ‖∇2̺‖2H1‖∇
3u‖2L2 + (δ0 + ε)‖∇
4u‖2L2
. (1 + t)−
6−q
q + (ε+ δ0)‖∇
4u‖2L2 .
(2.48)
The application of decay rates (1.6), (2.6), (2.7), Holder and Sobolev inequalities yields directly
−
∫
∇3[−E(̺, σ)∇̺]∇3udx
=
∫
[∇2E(̺, σ)∇̺+ 2∇E(̺, σ)∇2̺+ E(̺, σ)∇3̺]∇4udx
. (‖∇̺+∇σ‖2L6‖∇̺‖L6 + ‖∇̺‖L3‖∇
2̺+∇2σ‖L6)‖∇
4u‖L2
+ (‖∇̺+∇σ‖L3‖∇
2̺‖L6 + ‖E(̺, σ)‖L∞‖∇
3̺‖L2)‖∇
4u‖L2
. ‖∇2(̺, σ)‖6L2 + ‖∇(̺, σ)‖
2
L3‖∇
3(̺, σ)‖2L2 + ε‖∇
4u‖2L2
+ ‖∇(̺, σ)‖2H1‖∇
3̺‖2L2
. ‖∇2(̺, σ)‖6L2 + ‖∇(̺, σ)‖
2
H1‖∇
3(̺, σ)‖2L2 + ε‖∇
4u‖2L2
. (1 + t)−
6−q
q + ε‖∇4u‖2L2.
(2.49)
In the same manner, it is easy to deduce
∫
∇3[−F (̺, σ)∇σ]∇3udx . (1 + t)−
6−q
q + ε‖∇4u‖2L2. (2.50)
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Integrating by part and applying (1.6), (2.6), (2.7), Holder and Sobolev inequalities, we get∫
∇3(g(̺)(B · ∇B))∇3udx
= −
∫
(∇2g(̺)B∇B + 2∇g(̺)∇(B∇B) + g(̺)∇2(B∇B))∇4udx
. (‖|∇2̺|+ |∇̺|2‖L6‖B‖L6‖∇B‖L6 + ‖∇̺‖L6‖∇B‖
2
L6)‖∇
4u‖L2
+ (‖∇̺‖L6‖B‖L6‖∇
2B‖L6 + ‖g(̺)‖L∞‖∇B‖L6‖∇
2B‖L3)‖∇
4u‖L2
+ ‖g(̺)‖L∞‖B‖L∞‖∇
3B‖L2‖∇
4u‖L2
. ‖∇B‖2L2‖∇
2B‖2L2 + ‖∇
2B‖2L2‖∇
2B‖2H1 + ε‖∇
4u‖2L2
. ‖∇B‖2H1‖∇
2B‖2H1 + ε‖∇
4u‖2L2
. (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2 + ε‖∇4u‖2L2
. (1 + t)−
6−q
q + ε‖∇4u‖2L2.
(2.51)
Similarly, it is easy to deduce
1
2
∫
∇3(−g(̺)∇(|∇B|2))∇3udx . (1 + t)−
6−q
q + ε‖∇4u‖2L2. (2.52)
Following the idea as (2.47) and (2.48) respectively, it is easy to deduce∫
∇3(−u · ∇σ)∇3σdx . ‖∇(u, σ)‖2H1‖∇
3(u, σ)‖2L2 + (ε+ δ0)‖∇
4σ‖2L2
. (1 + t)−
6−q
q + (ε+ δ0)‖∇
4σ‖2L2,
(2.53)
and
κ
∫
∇3(−h(̺)∇2σ)∇3σ dx
. ‖∇2̺‖2H1‖∇
3σ‖2L2 + (ε+ δ)‖∇
4σ‖2L2
. (1 + t)−
6−q
q + (ε+ δ)‖∇4σ‖2L2 .
(2.54)
Integrating by part and applying decay rates (1.6), (2.6), (2.7), Holder and Sobolev inequalities,
it arrives at ∫
∇3[−G(̺, σ)divu]∇3σdx
=
∫
[∇2G(̺, σ)divu+ 2∇G(̺, σ)∇divu+G(̺, σ)∇2divu]∇4σdx
. [‖∇̺+∇σ‖2L6‖∇u‖L6 + ‖∇
2̺+∇2σ‖L3‖∇u‖L6
+ ‖∇̺+∇σ‖L3‖∇
2u‖L6 + ‖G(̺, σ)‖L∞‖∇
3u‖L2]‖∇
4σ‖L2
. ‖∇2(̺, u, σ)‖6L2 + ‖∇(̺, σ)‖
2
H2‖∇
2u‖2H1 + ε‖∇
4σ‖2L2
+ ‖∇(̺, σ)‖2H1‖∇
3u‖2L2
. ‖∇2(̺, u, σ)‖6L2 + ‖∇(̺, σ)‖
2
H2‖∇
2u‖2H1 + ε‖∇
4σ‖2L2
. (1 + t)−
6−q
q + ε‖∇4σ‖2L2 .
(2.55)
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Integrating by part and applying decay rates (1.6), (2.6), (2.7), Holder and Sobolev inequalities,
we get ∫
∇3(g(̺)
[
2µ|D(u)|2 + λ(divu)2
]
)∇3σdx
≈
∫
∇2(g(̺)|∇u|2)∇4σdx
=
∫
(∇2g(̺)|∇u|2 + 4∇g(̺)∇u∇2u)∇4σdx
+
∫
(2g(̺)∇2u∇2u+ 2g(̺)∇u∇3u)∇4σdx
. (‖∇̺‖L∞‖∇̺‖L6‖∇u‖
2
L6 + ‖∇
2̺‖L6‖∇u‖
2
L6)‖∇
4σ‖L2
+ (‖∇̺‖L6‖∇u‖L6‖∇
2u‖L6 + ‖∇
2u‖L3‖∇
2u‖L6)‖∇
4σ‖L2
+ ‖∇u‖L∞‖∇
3u‖L2‖∇
4σ‖L2
. ‖∇2̺‖2H1‖∇
2u‖2L2 + ‖∇
2u‖2H1‖∇
3u‖2L2 + ε‖∇
4σ‖2L2
. ‖∇2(̺, u)‖2H1‖∇
2u‖2H1 + ε‖∇
4σ‖2L2
. (1 + t)−
6−q
q + ε‖∇4σ‖2L2 .
(2.56)
In the same manner, it is easy to deduce∫
∇3(g(̺)(ν|curlB|2))∇3σdx . ‖∇2(̺, B)‖2H1‖∇
2B‖2H1 + ε‖∇
4σ‖2L2
. (1 + t)−
6−q
q + ε‖∇4σ‖2L2 .
(2.57)
Substituting (2.45)-(2.57) into (2.44) and applying the smallness of δ0 and ε, it is easy to deduce
d
dt
∫
(|∇3̺|2 + |∇3u|2 + |∇3σ|2)dx+
∫
(µ|∇4u|2 + κ|∇4σ|2)dx . (1 + t)−
6−q
q + ε‖∇3̺‖2L2 .
Therefore, we complete the proof of the lemma.
Furthermore,, we establish the dissipative estimates for the density.
Lemma 2.5. Under all the assumptions in Theorem 1.1, then we have
d
dt
∫
∇2u · ∇3̺dx+
∫
|∇3̺|2dx ≤ C1(‖∇
3σ‖2L2 + ‖∇
3u‖2H1) + C1(1 + t)
− 6−q
q . (2.58)
Proof. Taking ∇2−th spatial derivatives on both hand sidse of (2.1)2, multiplying by ∇
2̺ and
integrating over R3, then we get∫
(∇2ut · ∇
3̺+ |∇3̺|2)dx =
∫
[µ∆∇2u+ (µ+ λ)∇3divu−∇3σ +∇2S2]∇
3̺dx. (2.59)
In order to deal with the term
∫
∇2ut · ∇
3̺dx, we turn to time derivatives of velocity to the
density and apply the transport equation (2.1)1. More precisely, we have∫
∇2ut · ∇
3̺dx =
d
dt
∫
∇2u · ∇3̺dx−
∫
∇2u · ∇3̺tdx
=
d
dt
∫
∇2u · ∇3̺dx+
∫
∇2divu · ∇2̺tdx
=
d
dt
∫
∇2u · ∇3̺dx−
∫
∇2divu · ∇2(divu+ ̺divu+ u∇̺)dx
(2.60)
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Substituting (2.60) into (2.59), it is easy to deduce
d
dt
∫
∇2u · ∇3̺dx+
∫
|∇3̺|2dx
=
∫
|∇2divu|2dx+
∫
∇2divu · ∇2(̺divu+ u∇̺)dx
+
∫
∇2S2 · ∇
3̺dx+
∫
[µ∆∇2u+ (µ+ λ)∇3divu−∇σ]∇3̺dx.
(2.61)
Integrating by part and applying decay rates (1.6), Holder and Sobolev inequalities, we obtain∫
∇2divu · ∇2(̺divu+ u∇̺)dx
= −
∫
∇3divu · ∇(̺divu+ u∇̺)dx
. ‖∇4u‖L2(‖∇̺‖L3‖∇u‖L6 + ‖̺‖L6‖∇
2u‖L3 + ‖u‖L6‖∇
2̺‖L3)
. ‖∇̺‖2H1‖∇
2u‖2L2 + ‖∇̺‖
2
L2‖∇
2u‖2H1 + ‖∇u‖
2
L2‖∇
2̺‖2H1 + ε‖∇
4u‖2L2
. (1 + t)−
6−q
q + ε‖∇4u‖2L2 .
(2.62)
Following the idea as in Lemma 2.4, we deduce immediately∫
∇2S2 · ∇
3̺dx . (1 + t)−
6−q
q + ε‖∇3̺‖2L2 . (2.63)
On the other hand, it is easy to see that∫
[µ∆∇2u+ (µ+ λ)∇3divu−∇3σ]∇3̺dx . ‖∇3σ‖2L2 + ‖∇
4u‖2L2 + ε‖∇
3̺‖2L2 . (2.64)
Plugging (2.62)-(2.64) into (2.61), we complete the proof of the lemma.
The optimal decay rates for the second order spatial derivatives of global classical solutions
are stated in the following lemma.
Lemma 2.6. Under all the assumptions in Theorem 1.1, then the global classical solution (̺, u, σ)
of Cauchy problem (2.1)-(2.4) has the decay rates
‖∇2̺(t)‖2H1 + ‖∇
2u(t)‖2H1 + ‖∇
2σ(t)‖2H1 ≤ C(1 + t)
−3( 1q−
1
2)−2 (2.65)
for all t ≥ T ∗(T ∗ is a positive constant defined below).
Proof. Adding (2.28) with (2.43), it is easy to deduce
d
dt
‖∇2(̺, u, σ)‖2H1 + (µ‖∇
3u‖2L2 + κ‖∇
3σ‖2H1) ≤ C2δ0‖∇
3̺‖2L2 + C2(1 + t)
− 6−q
q . (2.66)
Multiplying (2.58) by 2C2δ0
C1
and adding with (2.66), we obtain
d
dt
M32 (t) + C3(‖∇
3̺‖2L2 + ‖∇
3u‖2H1 + ‖∇
3σ‖2H1) ≤ C4(1 + t)
− 6−q
q , (2.67)
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where
M32 (t) = ‖∇
2(̺, u, σ)‖2H1 +
2C2δ0
C1
∫
∇2u · ∇3̺dx.
Applying the Young inequality and the smallness of δ0, we have the following equivalent relations
C−15 ‖∇
2(̺, u, σ)‖2H1 ≤M
3
2 (t) ≤ C5‖∇
2(̺, u, σ)‖2H1. (2.68)
From the inequality (2.67), it is easy to deduce
d
dt
M32 (t) +
C3
2
(‖∇3̺‖2L2 + ‖∇
3̺‖2L2 + ‖∇
3u‖2H1 + ‖∇
3σ‖2H1)
≤
d
dt
M32 (t) +
C3
2
(2‖∇3̺‖2L2 + 2‖∇
3u‖2H1 + 2‖∇
3σ‖2H1)
≤ C4(1 + t)
− 6−q
q ,
or equivalently,
d
dt
M32 (t) +
C3
2
(‖∇3̺‖2L2 + ‖∇
3̺‖2L2 + ‖∇
3u‖2H1 + ‖∇
3σ‖2H1) ≤ C4(1 + t)
− 6−q
q . (2.69)
Similar to (2.22), we have∫
|∇3u|2dx ≥
R
1 + t
∫
|∇2u|2dx−
(
R
1 + t
)2 ∫
|∇u|2dx, (2.70)
and ∫
|∇4u|2dx ≥
R
1 + t
∫
|∇3u|2dx−
(
R
1 + t
)2 ∫
|∇2u|2dx. (2.71)
Adding (2.70) with (2.71), we obtain
‖∇3u‖2H1 ≥
R
1 + t
‖∇2u‖2H1 −
(
R
1 + t
)2
‖∇u‖2H1. (2.72)
In the same manner, it is easy to deduce
‖∇3̺‖2L2 ≥
R
1 + t
‖∇2̺‖2L2 −
(
R
1 + t
)2
‖∇̺‖2L2 , (2.73)
and
‖∇3σ‖2H1 ≥
R
1 + t
‖∇2σ‖2H1 −
(
R
1 + t
)2
‖∇σ‖2H1 . (2.74)
Combining (2.72)-(2.74) with (2.69) and applying the decay rates (1.6), then we get
d
dt
M32 (t) +
C3
2
[
R
1 + t
(‖∇2̺‖2L2 + ‖∇
2u‖2H1 + ‖∇
2σ‖2H1) + ‖∇
3̺‖2L2
]
.
(
R
1 + t
)2
(‖∇̺‖2L2 + ‖∇u‖
2
H1 + ‖∇σ‖
2
H1) + (1 + t)
− 6−q
q
. (1 + t)−2(1 + t)−(
3
q
− 1
2) + (1 + t)−(
6
q
−1)
. (1 + t)−(
3
q
+ 3
2) + (1 + t)−(
6
q
−1)
. (1 + t)−(
3
q
+ 3
2),
(2.75)
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where we have used the fact (2.24). For some large time t ≥ R− 1, we have
R
1 + t
≤ 1,
which implies
R
1 + t
‖∇3̺‖2L2 ≤ ‖∇
3̺‖2L2 . (2.76)
Plugging (2.76) into (2.75), it is easy to deduce
d
dt
M32 (t) +
C3R
2(1 + t)
(‖∇2̺‖2H1 + ‖∇
2u‖2H1 + ‖∇
2σ‖2H1) . (1 + t)
−( 3q+
3
2),
which, together with the equivalent relation (2.68), gives directly
d
dt
M32 (t) +
C3R
2C5(1 + t)
M32 (t) . (1 + t)
−( 3q+
3
2). (2.77)
Choosing R = 2(3+q)C5
qC3
in (2.77), then we have
d
dt
M32 (t) +
q + 3
q(1 + t)
M32 (t) . (1 + t)
−( 3q+
3
2). (2.78)
Multiplying (2.78) by (1 + t)
3+q
q , it arrives at
d
dt
[
(1 + t)
3+q
q M32 (t)
]
. (1 + t)−
1
2 . (2.79)
The integration of (2.79) over [0, t] yields
M32 (t) ≤ (1 + t)
− 3+q
q (M32 (0) + C(1 + t)
1
2 ),
which, together with the equivalent relation (2.68), gives
‖∇2̺(t)‖2H1 + ‖∇
2u(t)‖2H1 + ‖∇
2σ(t)‖2H1 ≤ C(1 + t)
−( 3q+
1
2),
for all t ≥ T∗ :=
2(3+q)C5
qC3
− 1. Therefore, we complete the proof of the lemma.
Finally, we establish optimal decay rates for the third order spatial derivatives of magnetic
field.
Lemma 2.7. Under all the assumptions in Theorem 1.1, then the magnetic field has the following
time decay rate for all t ≥ T ∗
‖∇3B(t)‖2L2 ≤ C(1 + t)
−3( 1q−
1
2)−3. (2.80)
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Proof. Combining the time decay rates (2.28), (2.65) with (2.38), we get
d
dt
∫
|∇3B|2dx+ ν
∫
|∇4B|2dx
. ‖∇2B‖2H1‖∇u‖
2
H2 + ‖∇B‖
2
H1‖∇
3u‖2L2
. (1 + t)−3(
1
q
− 1
2)−2(1 + t)−3(
1
q
− 1
2)−1
. (1 + t)−
6
q .
(2.81)
Combining (2.40), (2.81) and the time decay rates (2.28), we obtain
d
dt
∫
|∇3B|2dx+
Rν
1 + t
∫
|∇3B|2dx
.
R2ν
(1 + t)2
∫
|∇2B|2dx+ (1 + t)−
6
q
. (1 + t)−(
3
q
+ 5
2) + (1 + t)−
6
q .
(2.82)
By virtue of q ∈
[
1, 6
5
)
, it is easy to see that
6
q
−
(
3
q
+
5
2
)
=
5
(
6
5
− q
)
2q
≥ 0.
Then, we deduce from the inequality (2.82) that
d
dt
∫
|∇3B|2dx+
Rν
1 + t
∫
|∇3B|2dx . (1 + t)−(
3
q
+ 5
2). (2.83)
Choosing R = 3+2q
qν
and multiplying (2.83) by (1 + t)
3+2q
q , then we have
d
dt
[(1 + t)
3+2q
q ‖∇3B‖2L2 ] . (1 + t)
− 1
2 . (2.84)
Integrating (2.84) over [0, t], it arrives at
‖∇3B(t)‖2L2 ≤ (1 + t)
−( 3q+2)(‖∇3B0‖
2
L2 + C(1 + t)
1
2 ),
which implies the following time decay rate
‖∇3B(t)‖2L2 ≤ C(1 + t)
−3( 1q+
1
2).
Therefore, we complete the proof of lemma.
Proof of Theorem 1.1: With the help of Lemma 2.2, Lemma 2.6, and Lemma 2.7, we
complete the proof of the Theorem 1.1.
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3 Proof of Theorem 1.2
In this section, we establish time decay rates for the mixed space-time derivatives of solutions.
Lemma 3.1. Under the assumptions in Theorem 1.1, the global solution (̺, u, σ, B) of problem
(2.1)-(2.4) has the time decay rates
‖∇k̺t(t)‖H2−k + ‖∇
kut(t)‖L2 + ‖∇
kσt(t)‖L2 ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
k+1
2 ,
‖∇kBt(t)‖L2 ≤ C(1 + t)
− 3
2(
1
q
− 1
2)−
k+2
2 ,
where k = 0, 1.
Proof. First of all, applying (2.1)1, (1.11), Holder and Sobolev inequalities, it arrives at
‖̺t‖
2
L2 = ‖ − divu− ̺divu− u · ∇̺‖
2
L2
. ‖∇u‖2L2 + ‖̺‖
2
L6‖∇u‖
2
L3 + ‖u‖
2
L6‖∇̺‖
2
L3
. (1 + t)−
3
q
+ 1
2 + (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2
. (1 + t)−
3
q
+ 1
2 .
(3.1)
Similarly, we obtain
‖∇̺t‖
2
L2 = ‖ −∇divu−∇(̺divu− u · ∇̺)‖
2
L2
. ‖∇2u‖2L2 + ‖∇̺‖
2
L3‖∇u‖
2
L6 + ‖̺‖
2
L3‖∇
2u‖2L6
+ ‖∇u‖2L6‖∇̺‖
2
L3 + ‖u‖
2
L6‖∇
2̺‖2L3
. ‖∇2̺‖2H1 + ‖∇
2u‖2H1
. (1 + t)−
3
q
− 1
2 ,
(3.2)
and
‖∇2̺t‖
2
L2 = ‖∇
2(−divu− ̺divu− u · ∇̺)‖2L2
. ‖∇3u‖2L2 + ‖∇
2̺‖2L3‖∇u‖
2
L6 + ‖̺‖
2
L∞‖∇
3u‖2L2
+ ‖∇̺‖2L6‖∇
2u‖2L3 + ‖u‖
2
L∞‖∇
3̺‖2L2
. ‖∇3u‖2L2 + ‖∇
2̺‖2H1‖∇
2u‖2H1 + ‖∇u‖
2
H1‖∇
3̺‖2L2
. ‖∇3u‖2L2 + ‖∇
2̺‖2H1
. (1 + t)−
3
q
− 1
2 .
(3.3)
Combining (3.1)-(3.3), then we have the time decay rates
‖∇k̺t(t)‖
2
H2−k ≤ C(1 + t)
−3( 1q−
1
2)−(k+1), (3.4)
where k = 0, 1. Secondly, in view of the equation (2.1)2, (1.11), (2.6), (2.7), Holder and Sobolev
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inequalities, it is easy to deduce
‖ut‖
2
L2 = ‖µ∆u+ (µ+ λ)∇divu−∇̺−∇σ‖
2
L2
+ ‖ − u · ∇u− h(̺)[µ∆u+ (µ+ λ)∇divu]− E(̺, σ)∇̺‖2L2
+ ‖ − F (̺, σ)∇σ + g(̺)[B · ∇B −
1
2
∇(|B|2)]‖2L2
. ‖∇2u‖2L2 + ‖∇(̺, σ)‖
2
L2 + ‖u‖
2
L6‖∇u‖
2
L3 + ‖h(̺)‖
2
L∞‖∇
2u‖2L2
+ ‖(E(̺, σ), F (̺, σ))‖2L∞‖∇(̺, σ)‖
2
L2 + ‖g(̺)‖
2
L∞‖B‖
2
L6‖∇B‖
2
L3
. ‖∇(u,B)‖2H1 + ‖∇(̺, σ)‖
2
L2
. (1 + t)−
3
q
+ 1
2 .
(3.5)
Similarly, it is easy to deduce
‖∇ut‖
2
L2 = ‖∇(µ∆u+ (µ+ λ)∇divu−∇̺−∇σ)‖
2
L2 + ‖∇S2‖
2
L2
. ‖∇3u‖2L2 + ‖∇
2(̺, σ)‖2L2 + ‖∇u‖
2
H1‖∇
2u‖2H1
+ ‖∇(̺, σ)‖2H1‖∇
2(̺, σ)‖2L2 + ‖∇B‖
2
H1‖∇
2B‖2H1
. ‖∇2(u,B)‖2H1 + ‖∇
2(̺, σ)‖2L2
. (1 + t)−
3
q
− 1
2 .
(3.6)
Combining (3.5)-(3.6), then we have the time decay rates
‖∇kut(t)‖
2
L2 ≤ C(1 + t)
−3( 1q−
1
2)−(k+1), (3.7)
where k = 0, 1. Furthermore, it is easy to deduce
‖σt‖
2
L2 = ‖κ∆σ − divu− u · ∇σ − h(̺)(κ∆σ)−G(̺, σ)divu‖
2
L2
+ ‖g(̺)
[
2µ|D(u)|2 + λ(divu)2
]
+ g(̺)(ν|curlB|2)‖2L2
. ‖∇2σ‖2L2 + ‖∇u‖
2
L2 + ‖u‖
2
L6‖∇σ‖
2
L3 + ‖h(̺)‖
2
L∞‖∇
2σ‖2L2
+ ‖G(̺, σ)‖2L∞‖∇u‖
2
L2 + ‖g(̺)‖
2
L∞‖∇u‖
2
L3‖∇u‖
2
L6
+ ‖g(̺)‖2L∞‖∇B‖
2
L3‖∇B‖
2
L6
. ‖∇2σ‖2L2 + ‖∇(u,B)‖
2
H1
. (1 + t)−
3
q
+ 1
2 .
(3.8)
Similarly, it is easy to deduce
‖∇σt‖
2
L2 = ‖∇(κ∆σ − divu)‖
2
L2 + ‖∇S3‖
2
L2
. ‖∇3σ‖2L2 + ‖∇
2u‖2L2 + ‖∇u‖
2
H1‖∇
2σ‖2H1
+ ‖∇(̺, σ)‖2H1‖∇
2u‖2L2 + ‖∇(̺, u)‖
2
H1‖∇
2u‖2H1
+ ‖∇(̺, B)‖2H1‖∇
2B‖2H1
. ‖∇2(σ, u, B)‖2H1
. (1 + t)−
3
q
− 1
2 .
(3.9)
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In view of (3.8)-(3.9), then we have the time decay rates
‖∇kσt(t)‖
2
L2 ≤ C(1 + t)
−3( 1q−
1
2)−(k+1), (3.10)
where k = 0, 1. Finally, it follows from the (2.1)3, Holder and Sobolev inequalities that
‖Bt‖
2
L2 = ‖ν∆B − u · ∇B +B · ∇u−Bdivu‖
2
L2
. ‖∇2B‖2L2 + ‖u‖
2
L6‖∇B‖
2
L3 + ‖B‖
2
L6‖∇u‖
2
L3
. ‖∇2B‖2L2 + ‖∇(u,B)‖
2
L2‖∇(u,B)‖
2
H1
. (1 + t)−
3
q
− 1
2 + (1 + t)−
3
q
+ 1
2 (1 + t)−
3
q
+ 1
2
. (1 + t)−
3
q
− 1
2 .
(3.11)
Similarly, it follows from (2.1)3, (2.30)-(2.32) that
‖∇Bt‖
2
L2 = ‖∇(ν∆B − u · ∇B +B · ∇u−Bdivu)‖
2
L2
. ‖∇3B‖2L2 + ‖∇u‖
2
H2‖∇B‖
2
H2
. (1 + t)−
3
q
− 3
2 + (1 + t)−
6
p
+1
. (1 + t)−
3
q
− 3
2 .
(3.12)
By view of (3.11) and (3.12), it is easy to obtain
‖∇kBt(t)‖
2
L2 ≤ C(1 + t)
−3( 1q−
1
2)−(k+2), (3.13)
where k = 0, 1. Therefore, we complete the proof of the lemma.
Proof of Theorem 1.2: With the help of Lemma 3.1, we complete the proof of the Theorem
1.2.
Acknowledgements
Zheng-an Yao’s research is supported in part by NNSFC(Grant No.11271381) and China 973
Program(Grant No. 2011CB808002). Qiang Tao’s research is supported by the NSF of China
under grant 11171060 and 11301345, by Guangdong Natural Science Foundation under grant
2014A030310074.
References
[1] A. Matsumura, T. Nishida, The initial value problems for the equations of motion of viscous
and heat-conductive gases, J. Math. Kyoto Univ. 20 (1980) 67-104.
[2] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of com-
pressible viscous and heat-conductive fluids, Proc. Japan Acad. Ser. A 55 (1979) 337-342.
24
Optimal Decay Rates for Full Compressible MHD Equations
[3] A. Matsumura, An energy method for the equations of motion of compressible viscous and
heat-condutive fluids, University of Wisconsin-Madison MRC Technical Summary Report
2194 (1986) 1-16.
[4] G. Ponce, Global existence of small solutions to a class of nonlinear evolution equations,
Nonlinear Anal. 9 (1985) 339-418.
[5] Y. Guo, Y. J. Wang, Decay of dissipative equations and negative Sobolev spaces, Comm.
Partial Differential Equations 37 (2012) 2165-2208.
[6] D. Hoff, K. Zumbrun, Multidimensional diffusion waves for the Navier-Stokes equations of
compressible flow, Indiana Univ. Math. J. 44 (1995) 604-676.
[7] D. Hoff, K. Zumbrun, Pointwise decay estimates for multidimensional Navier-Stokes diffusion
waves, Z. Angew. Math. Phys. 48 (1997) 597-614 .
[8] T. P. Liu, W.K. Wang, The pointwise estimates of diffusion waves for the Navier-Stokes
equations in odd multi-dimensions, Commun. Math. Phys. 196 (1998) 145-173.
[9] T. Kobayashi and Y. Shibata, Decay estimates of solutions for the equations of motion
of compressible viscous and heat-conductive gases in an exterior domain in R3, Commun.
Math. Phys. 200 (1999) 621-659.
[10] Y. Kagei, T. Kobayashi, On large time behavior of solutions to the compressible Navier-
Stokes equations in the half space in R3, Arch. Ration. Mech. Anal. 165 (2002) 89-159.
[11] Y. Kagei, T. Kobayashi, Asymptotic behavior of solutions of the compressible Navier-Stokes
equations on the half space, Arch. Ration. Mech. Anal. 177 (2005) 231-330.
[12] K. Deckelnick, Decay estimates for the compressible Navier-Stokes equations in unbounded
domains, Math. Z. 209 (1992) 115-130.
[13] K. Deckelnick, L2-decay for the compressible Navier-Stokes equations in unbounded do-
mains, Comm. Partial Differential Equations 18 (1993) 1445-1476.
[14] R. J. Duan, H. X. Liu, S. Ukai, T. Yang, Optimal Lp-Lq convergence rates for the com-
pressible Navier-Stokes equations with potential force, J. Differential Equations 238 (2007)
220-233.
[15] R. J. Duan, S. Ukai, T. Yang, H. J. Zhao, Optimal convergence rates for the compressible
Navier-Stokes equations with potential forces, Math. Models Methods Appl. Sci. 17 (2007)
737-758.
[16] F. C. Li, H. J. Yu, Optimal decay rate of classical solutions to the compressible magneto-
hydrodynamic equations, Proc. Roy. Soc. Edinburgh Sect. A 141 (2011) 109-126.
[17] Q. Chen, Z. Tan, Global existence and convergence rates of smooth solutions for the com-
pressible magnetohydrodynamic equations, Nonlinear Anal. 72 (2010) 4438-4451.
25
J.C.Gao, Q.Tao, Z.A.Yao
[18] Z. Tan, H. Q.Wang, Optimal decay rates of the compressible magnetohydrodynamic equa-
tions, Nonlinear Anal. Real World Appl. 14 (2013) 188-201.
[19] J. C. Gao, Q. Tao, Z. A. Yao, Long-time Behavior of Solution for the Compressible Nematic
Liquid Crystal Flows in R3, arXiv:1503.02865.
[20] J. C. Gao, Y. H. Chen, Z. A. Yao. Long-time Behavior of Solution to the Compressible
Magnetohydrodynamic Equations, Preprint.
[21] X. K. Pu, B. L. Guo, Global existence and convergence rates of smooth solutions for the
full compressible MHD equations, Z. Angew. Math. Phys. 64 (2013) 519-538.
[22] M. E. Schonbek, Large time behaviour of solutions to the Navier-Stokes equations in Hm
spaces, Comm. Partial Differential Equations 20 (1995) 103-117.
[23] M. E. Schonbek, M. Wiegner, On the decay of higher-order norms of the solutions of Navier-
Stokes equations, Proc. Roy. Soc. Edinburgh Sect. A 126 (1996) 677-685.
[24] M. E. Schonbek, L2 decay for weak solutions of the Navier-Stokes equations, Arch. Rational
Mech. Anal. 88 (1985) 209-222.
[25] L. Nirenberg, On elliptic partial differential euations, Ann.Scuola Norm. Sup. Pisa 13 (1959)
115-162.
26
